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MINIMAL SURFACES IN A UNIT SPHERE PINCHED BY
INTRINSIC CURVATURE AND NORMAL CURVATURE
YANG DAN
Abstract. We establish a nice orthonormal frame field on a closed surface
minimally immersed in a unit sphere Sn, under which the shape operators take
very simple forms. Using this frame field, we obtain an interesting property
K + KN = 1 for the Gauss curvature K and the normal curvature KN if
the Gauss curvature is positive. Moreover, using this property we obtain the
pinching on the intrinsic curvature and normal curvature, the pinching on the
normal curvature, respectively.
1. Introduction
Let x : M → Sn be a minimal immersion of a closed surface M into an n-
dimensional unit sphere Sn. Let Ks = 2/(s(s + 1)) for each natural number s.
Using an idea of Hopf and the global coordinates on Sn, Calabi [3] proved that if
M is a 2-sphere with constant Gauss curvature Ks and and x is linearly full, then
n = 2s and x is congruent to s-th standard minimal immersion. For more general
minimal immersion of 2-sphere into Sn, Chern [4, p. 38] obtained an important
equality about some local invariants by choosing a local orthonormal frame filed
on Sn. As a special case, Chern showed that if the Gauss curvature K is constant
then K = Ks. Furthermore, for general minimal immersion of a surface into S
n,
Kenmotsu [9, 10] also obtained an important equality (see Theorem 1 in [9]) by
choosing the frame filed, which generalized Chern’s result for the minimal immersion
of 2-sphere into Sn. We could observe that the chosen of the frame filed plays an
important role in studying the minimal surface. The first purpose of this paper is
to establish a best local orthonormal frame field on the closed surface minimally
immersed in Sn with positive Gauss curvature, under which the shape operators
take the most simple forms, see Theorem 2.3 for detail.
Furthermore, using the frame field introduced in Theorem 2.3, we can obtain an
interesting result K+KN = 1 for the Gauss curvature K and the normal curvature
KN , which means that closed minimal surfaces immersed in Sn with positive Gauss
curvature and flat or nowhere flat normal bundle are Wintgen ideal surfaces, see
Theorem 3.3. Wintgen ideal submanifolds are a family of submanifolds satisfying
a DDVV type inequality when the equality holds true exactly, see [5] for instance.
Recently, a remarkable result due to Baker and Nguyen [1] says that codimen-
sional two surfaces satisfying a nonlinear curvature condition depending on normal
curvature smoothly evolve by mean curvature flow to round points. In the course
of estimating the nonlinearity in the Simons identity, the authors announced an
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interesting result depending on a pointwise pinching of the intrinsic and normal
curvatures.
Theorem 1.1. ( [1]) Suppose a two surface M minimally immersed in S4 satisfies
KN ≤ 2|K|. Then either
(1) S = 0 and M is a geodesic sphere; or
(2) S 6= 0, in which case either
(a) KN = 0 and the surface is the Clifford torus, or
(b) KN 6= 0 and it is the Veronese surface.
By using the frame field obtained in Theorem 2.3, we generalize this result to
the minimal surfaces in arbitrary dimension unit sphere Sn. We prove that closed
minimal surfaces immersed in Sn with nonnegative Gauss curvature and flat or
nowhere flat normal bundle satisfying KN ≤ 2K are geodesic sphere, the Clifford
torus, or the Veronese surface in S4, see Theorem 3.6 for detail.
Based on this result, we continue to consider the next pinching 2K ≤ KN ≤
5K, see Theorem 3.8. Then we study the first pinching of normal curvature 0 ≤
KN ≤ 2/3, see Theorem 3.9, and the next pinching 2/3 ≤ KN ≤ 5/6, see Theorem
3.10. At last, we prove that closed surfaces minimally immersed in Sn with positive
Gauss curvature and non-zero constant normal curvature are generalized Veronese
surfaces studied by Calabi [3] and do-Carmo-Wallach [6].
The paper is organized as follows. In Section 2, we introduce some basic
formulae for theory of submanifolds and establish an orthonormal frame field on
the closed surfaces minimally immersed in a unit sphere, which is crucial to get the
main theorems. In Section 3, we give some pinching theorems and their proofs.
2. Basic formulae and the frame field
Let M be a closed surface immersed in a unit sphere Sn. We identify M with
its immersed image, agree on the following index ranges:
1 ≤ i, j, k, l,m, · · · ≤ 2; 3 ≤ α, β, γ, δ, · · · ≤ n; 1 ≤ A,B,C,D, · · · ≤ n,
and use the Einstein convention. We take a local orthonormal frame field {e1, · · · , en}
in TSn such that, restricted to M , at each point of M , {e1, e2} lies in the tangent
bundle T (M) and {e3, · · · , en} in the normal bundle N(M). Let {ω1, · · · , ωn} be
the dual coframe field of {e1, · · · , en} and (ωAB) the Riemannian connection form
matrix associated with {ω1, · · · , ωn}. Then (ωij) defines a Riemannian connection
in T (M) and (ωαβ) defines a normal connection in N(M). The second fundamental
form of M can be expressed as
II = ωi ⊗ ωiα ⊗ eα = hαijωi ⊗ ωj ⊗ eα,
where
ωiα = h
α
ijωj; h
α
ij = h
α
ji.
Let Lα = (hαij)2×2. We denote the square of the norm of the second fundamental
form S by
S =
∑
(α,i,j)
(hαij)
2.
The mean curvature vector field of M is expressed as
h =
1
2
n∑
α=3
(hα11 + h
α
22)eα,
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then M is minimal if and only if h = 0. The Riemannian curvature tensor {Rijkl}
and the normal curvature tensor {Rαβkl} are expressed as
Rijkl = (δikδjl − δilδjk) + hαikhαjl − hαilhαjk, Rαβkl = hαkmhβml − hαlmhβmk. (2.1)
We denote the normal scalar curvature KN by
KN =
1
2
√ ∑
(α,β,i,j)
(Rαβij)2.
The first and the second order covariant derivatives of {hαij}, say{hαijk} and {hαijkl}
are defined as follows:
∇hαij = hαijkωk = dhαij + hαmjωmi + hαimωmj + hβijωβα,
∇hαijk = hαijklωl = dhαijk + hαmjkωmi + hαimkωmj + hαijmωmk + hβijkωβα.
Then we have the Codazzi equation
hαijk = h
α
ikj , (2.2)
and the Ricci’s formula
hαijkl − hαijlk = hαpjRpikl + hαipRpjkl + hβijRβαkl. (2.3)
The Laplacian of {hαij} and {hαijk} are defined by
∆hαij = h
α
ijmm, ∆h
α
ijk = h
α
ijkmm.
It follows from (2.2) and (2.3) that
∆hαij = h
α
mmij + h
α
piRpmjm + h
α
mpRpijm + h
δ
miRδαjm, (2.4)
∆hαijk = (∆h
α
ij)k + 2h
α
pjmRpikm + 2h
α
ipmRpjkm + h
α
ijpRpmkm
+ hαpjRpikm,m + h
α
ipRpjkm,m + 2h
δ
ijmRδαkm + h
δ
ijRδαkm,m. (2.5)
In the following we will choose an orthonormal frame field on the closed surfaces
minimally immersed in a unit sphere, under which the shape operators have very
simple forms.
If the normal bundle of M immersed in Sn is flat, the shape operator Lα with
respect to eα can be diagonalized simultaneously for α = 3, · · · , n. Otherwise, at
least one of hβ12 is not zero. Choosing a unit normal vector field e˜3 = e/|e| where
e =
∑n
β=3 h
β
12eβ , and taking an orthogonal transformation in the normal space
Nx(M), we have
e˜3
e˜4
...
e˜n

=

h312|e|−1 h412|e|−1 · · · hn12|e|−1
a43 a44 · · · a4n
...
...
...
an3 an4 · · · ann


e3
e4
...
en

.
Let L˜α = (h˜αij) be the shape operator with respect to e˜α. Then
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
h3ij = h
3
12|e|−1h˜3ij + a43h˜4ij + · · ·+ an3h˜nij ,
h4ij = h
4
12|e|−1h˜3ij + a44h˜4ij + · · ·+ an4h˜nij ,
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
hnij = h
n
12|e|−1h˜3ij + a4nh˜4ij + · · ·+ annh˜nij .
(∗)
Put i = 1 and j = 2 in (∗). Then (∗) has a unique solution
b := h˜312 = |e| 6= 0, h˜β12 = 0, 4 ≤ β ≤ n.
We denote λβ = h˜β11 for β ≥ 3. So the shape operators L˜α have the following forms:
L˜3 =
(
λ3 b
b ν3
)
, L˜β =
(
λβ 0
0 νβ
)
, (2.6)
where β = 4, · · · , n.
When M is a minimal surface immersed in Sn, then
λα + να = 0, (2.7)
for α = 3, · · · , n. For convenience, we still denote the new frame filed by {eα} and
the corresponding second fundamental form by {hαij}. We denote
S :=
∑
(i,j,β>3)
(hβij)
2 = 2
∑
(β>3)
(λβ)2, S3 :=
∑
(i,j)
(h3ij)
2 = 2(λ3)2 + 2b2.
Then
S = S + S3 = 2
∑
(β>3)
(λβ)2 + 2(λ3)2 + 2b2.
According to (2.7), we define
λαi := h
α
11i = −hα22i, λαij := hα11ij = −hα22ij . (2.8)
By the symmetry of hαijk and h
α
ijkl with respect to indices i, j, k, we denote
P :=
∑
(hαijk)
2 = 4
n∑
α=3
(
(λα1 )
2 + (λα2 )
2
)
,
Q :=
∑
(hαijkl)
2 = 4
n∑
α=3
(
(λα11)
2 + (λα22)
2 + (λα12)
2 + (λα21)
2
)
. (2.9)
It follows from (2.1) and (2.6) that the Riemannian curvature tensor, the normal
curvature tensor and the first covariant differentials of the normal curvature tensor
become
Rijkl = (1− S/2) (δikδjl − δilδjk), R3β12 = −2bλβ, Rγβ12 = 0, (2.10)
R3β12,k = 2(λ
3hβ12k − λβh312k − bλβk ), Rβγ12,k = 2(λβhγ12k − λγhβ12k), (2.11)
where β, γ = 4, · · · , n. It is not difficult to check that
Sk = 2
∑
hαijh
α
ijk = 4
n∑
β=4
λβλβk + 4(λ
3λ3k + bh
3
12k).
Hence
1
4
S1 =
n∑
β=4
λβλβ1 + λ
3λ31 + bλ
3
2,
1
4
S2 =
n∑
β=4
λβλβ2 + λ
3λ32 − bλ31. (2.12)
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From Ricci’s formula (2.3), we have
λ312 − λ321 = −(2− S − S)b, λ311 + λ322 = (2 − S)λ3,
(2.13)
λβ11 + λ
β
22 = (2− S − 2b2)λβ , λβ12 − λβ21 = −2bλ3λβ ,
for β = 4, · · · , n.
Using the above formulae, we can obtain the following proposition for later use.
Proposition 2.1. Let M be a surface minimally immersed in a unit sphere Sn.
Then
1
2
∆S = P + (2− S)S − 4b2S. (2.14)
Proof. From (2.4) and (2.10), we have∑
i,j,α
hαij∆h
α
ij =
∑
i,j,p,m,α
(hαijh
α
piRpmjm + h
α
ijh
α
mpRpijm) +
∑
i,j,m,α,δ
hαijh
δ
miRδαjm
= (2− S)(hαij)2 +
n∑
β=4
4bλβR3β12 = (2− S)S − 4b2S.
Hence
1
2
∆S =
∑
α,i,j,k
(hαijk)
2 +
∑
α,i,j
hαij∆h
α
ij = P + (2− S)S − 4b2S.

Remark 2.2. If the normal bundle of the surface M minimally immersed in Sn is
flat, we choose e1, e2 such that b is zero. We easily get
1
2
∆S = P + (2− S)S.
Next we consider the case that the normal bundle ofM is nowhere flat. In this
case, b 6= 0 and we can establish the following Theorem 2.3. Some partial result
was obtained in [8]. Here, we will give the detailed proof of the theorem for the
completeness.
Theorem 2.3. Let M be a surface minimally immersed in a unit sphere Sn with
nowhere flat normal bundle. If the Gauss curvature of M is positive, we can estab-
lish a local orthonormal frame filed {e3, · · · , en} normal to M such that the shape
operators Lα with respect to eα have the following forms:
L3 =
(
0 b
b 0
)
, L4 =
(
b 0
0 −b
)
, Lβ =
(
0 0
0 0
)
,
where β = 5, · · · , n. Furthermore
b2 = S/4, λ31 = −λ42 = −
1
4
√
S
S2, λ
3
2 = λ
4
1 =
1
4
√
S
S1, (2.15)
λ311 = −λ421 = −
1
4
√
S
S21, λ
3
12 = −λ422 = −
1
4
√
S
(S22 − P ),
(2.16)
λ322 = λ
4
12 =
1
4
√
S
S12, λ
3
21 = λ
4
11 =
1
4
√
S
(S11 − P ).
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Proof. We take the orthonormal frame field {e1, e2, e3, · · · , en} on M such that the
shape operators have the form
L3 =
(
λ3 b
b −λ3
)
; Lβ =
(
λβ 0
0 −λβ
)
, (2.17)
where β = 4, · · · , n. It is easy to check from (2.4) that∑
i,j,k,α
(hαijk∆h
α
ij)k =
∑
i,j,α
(∆hαij)
2 +
∑
i,j,k,l,p,α
(hαijkh
α
pikRpljl + h
α
ijkh
α
lpkRpijl)
+
∑
i,j,k,l,p,α
(hαijkh
α
piRpljl,k + h
α
ijkh
α
lpRpijl,k)
+
∑
i,j,k,l,α,δ
hαijkh
δ
likRδαjl +
∑
i,j,k,l,α,δ
hαijkh
δ
liRδαjl,k. (2.18)
Firstly, by (2.4) and (2.10), we get
∆hβ11 = (2− S − 2b2)λβ , ∆hβ12 = 2bλ3λβ ,
∆h312 = (2− S − S)b, ∆h311 = (2− S)λ3,
for β = 4, · · ·n, so∑
i,j,α
(∆hαij)
2 = 2
n∑
β=4
(∆hβ11)
2 + 2(∆h311)
2 + 2
n∑
β=4
(∆hβ12)
2 + (∆h312)
2
= (2 − S)2S + 2(5S − 8)b2S. (2.19)
Secondly, using (2.10) and (2.12), we get∑
i,j,k,l,p,α
(
hαijkh
α
pikRpljl + h
α
ijkh
α
lpkRpijl
)
+
∑
i,j,k,l,α,δ
hαijkh
δ
likRδαjl
= (2− S)P +
n∑
γ=4
8(λ31λ
γ
2 − λ32λγ1 )Rγ312
= (2− S)P + 16b
n∑
γ=4
(λ31λ
γλγ2 − λ32λγλγ1 ).
= (2− S)P + 4b2
∑
i,j,k
(h3ijk)
2 + 4b(λ31S2 − λ32S1). (2.20)
Thirdly, by the first formula of (2.10), we have∑
i,j,k,l,p,α
(hαijkh
α
piRpljl,k + h
α
ijkh
α
lpRpijl,k) = −
∑
i,j,k,α
hαijh
α
ijkSk = −
1
2
|∇S|2. (2.21)
At last, using (2.11), we have∑
i,j,k,l,α,δ
hαijkh
δ
liRδαjl,k =
n∑
γ=4
2(λγλ32 + bλ
γ
1 − λ3λγ2 )R3γ12,1
+
n∑
γ=4
2(−λγλ31 + bλγ2 + λ3λγ1 )R3γ12,2
+
n∑
β,γ=4
(−2λγλβ2Rγβ12,1 + 2λγλβ1Rγβ12,2).
= −1
2
SP + 4b2
∑
i,j,k
(h3ijk)
2 + 4b(λ31S2 − λ32S1) +
1
4
|∇S|2.
(2.22)
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Substituting (2.19), (2.20),(2.21) and (2.22) into (2.18), we have∑
i,j,k,α
(hαijk∆h
α
ij)k = (2−
3
2
S)P + (2− S)2S + 2(5S − 8)b2S
+ 8b2
∑
i,j,k
(h3ijk)
2 + 8b(λ31S2 − λ32S1)−
1
4
|∇S|2, (2.23)
which together with P = 12∆S− (2−S)S+4b2S and S∆S = 12∆S2− |∇S|2 forces
that ∑
i,j,k,α
(hαijk∆h
α
ij)k =
1
2
(2− S)S2 + 4(S − 2)b2S +∆S − 3
8
∆S2
+8b2
∑
i,j,k
(h3ijk)
2 + 8b(λ31S2 − λ32S1) +
1
2
|∇S|2. (2.24)
Taking integration over M on both sides of (2.24), we have∫
M
{
1
2
S2(2− S) + 4(S − 2)b2S + 2(4bλ31 +
1
2
S2)
2 + 2(4bλ32 −
1
2
S1)
2
}
= 0,
that is∫
M
(2 − S)b2S =
∫
M
{
1
8
S2(2− S) + 1
2
(4bλ31 +
1
2
S2)
2 +
1
2
(4bλ32 −
1
2
S1)
2
}
≥
∫
M
1
8
S2(2− S), (2.25)
and the equality holds if and only if
bλ31 = −
1
8
S2, bλ
3
2 =
1
8
S1.
On the other hand, it is easy to check
b2S ≤ 1
2
S3S ≤ 1
8
(S3 + S)
2 =
1
8
S2, (2.26)
and the equality holds if and only if
λ3 = 0, S = S3 = 2b
2.
Since the Gauss curvature ofM is positive, we have S < 2. Taking integration over
M on both sides of (2.26), we obtain∫
M
(2 − S)b2S ≤
∫
M
1
8
S2(2− S). (2.27)
It follows from (2.25) and (2.27) that∫
M
(2 − S)b2S =
∫
M
1
8
S2(2− S),
which implies that the equalities in (2.25) and (2.26) hold always. Therefore
λ3 = 0, bλ31 = −
1
8
S2, bλ
3
2 =
1
8
S1, S = 2b
2.
This together with the fact that S = S + 2b2 yields
b2 =
1
4
S, S =
1
2
S, λ31 =
1
4
√
S
S2, λ
3
2 =
1
4
√
S
S1.
Therefore we deduce that there must exist a number β such that λβ 6= 0 for β ≥ 4.
We choose a unit normal vector field e4 = e/|e| where e =
∑n
γ=4 h
γ
11eγ , and take
an orthogonal transformation in the normal space Nx(M): e3 = e3 and
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
e4
e5
...
en

=

h411|e|−1 h411|e|−1 · · · hn11|e|−1
b54 b55 · · · b5n
...
...
...
bn4 bn5 · · · bnn


e4
e5
...
en

.
Let L
α
= (h
α
ij) be the shape operators with respect to eα, 3 ≤ α ≤ n. It follows
that 
h3ij = h
3
ij ,
h4ij = h
4
11|e|−1h
4
ij + b54h
5
ij + · · ·+ bn4h
n
ij ,
h5ij = h
5
11|e|−1h
4
ij + b55h
5
ij + · · ·+ bn5h
n
ij ,
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
hnij = h
n
11|e|−1h
4
ij + b5nh
5
ij + · · ·+ bnnh
n
ij .
(⋆)
Put i = 1 and j = 1 in (⋆). Then it is easy to check that (⋆) has unique solution
h
4
11 = |e|−1 > 0, h
γ
11 = 0, 5 ≤ γ ≤ n.
Put i = 1 and j = 2 in (⋆). Then it is easy to check that (⋆) has unique solution
h
γ
12 = 0, 5 ≤ γ ≤ n. Therefore the shape operators with respect to {e1, e2; eγ}nγ=3
have the following forms:
L
3
=
(
0 b
b 0
)
, L
4
=
(
λ
4
0
0 −λ4
)
, L
β
=
(
0 0
0 0
)
, 5 ≤ β ≤ n,
where b2 = (λ
4
)2 = S/4, that is λ
4
= b =
√
S/2. For convenience, we denote the
new frame field by {e1, e2; eγ}nγ=3. So far, we have built a frame field on M such
that the shape operators have the following forms:
L3 =
(
0 b
b 0
)
, L4 =
(
b 0
0 −b
)
, Lβ =
(
0 0
0 0
)
, 5 ≤ β ≤ n.
Furthermore
b2 = S/4, λ31 = −
1
4
√
S
S2, λ
3
2 =
1
4
√
S
S1. (2.28)
It follows from Chern [4] and the choice of the normal vector field e3, e4 that
n∑
γ=5
λγ1λ
γ
2 = 0,
n∑
γ=5
(
(λγ1 )
2 − (λγ2 )2
)
= 0. (2.29)
Next we take covariant differential of h411 and have
h411kωk = dh
4
11 + 2h
4
12ω21 +
n∑
α=3
hα11ωα4 = dh
4
11 =
1
4
√
S
Skωk,
which implies
λ41 = λ
3
2 =
1
4
√
S
S1, λ
4
2 = −λ31 =
1
4
√
S
S2. (2.30)
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We take covariant differential of hγ11 and h
γ
12 for 5 ≤ γ ≤ n,
hγ11kωk = dh
γ
11 + 2h
γ
12ω21 +
n∑
α=3
hα11ωαγ = bω4γ ,
hγ12kωk = dh
γ
12 + h
γ
22ω21 + h
γ
11ω12 +
n∑
α=3
hα12ωαγ = bω3γ ,
which imply
ω3γ =
1
b
(λγ2ω1 − λγ1ω2), ω4γ =
1
b
(λγ1ω1 + λ
γ
2ω2). (2.31)
We take covariant differential of h3111, h
3
112, h
4
111 and h
4
112 respectively
h3111kωk = dh
3
111 + 3h
3
211ω21 + h
4
111ω43 +
n∑
γ=5
hγ111ωγ3, (2.32)
h3112kωk = dh
3
112 + 2h
3
212ω21 + h
3
111ω12 + h
4
112ω43 +
n∑
γ=5
hγ112ωγ3, (2.33)
h4111kωk = dh
4
111 + 3h
4
211ω21 + h
3
111ω34 +
n∑
γ=5
hγ111ωγ4, (2.34)
h4112kωk = dh
4
112 + 2h
4
212ω21 + h
4
111ω12 + h
3
112ω34 +
n∑
γ=5
hγ112ωγ4. (2.35)
Then from (2.32), (2.35) and use (2.30), (2.29) we have
(λ311 + λ
4
21)ω1 + (λ
3
12 + λ
4
22)ω2 =
n∑
γ=5
(λγ1ωγ3 + λ
γ
2ωγ4)
= −2
b
n∑
γ=5
λγ1λ
γ
2ω1 +
1
b
n∑
γ=5
{(λγ1)2 − (λγ2 )2}ω2 = 0.
It follows from (2.33), (2.34), (2.30) and (2.29) that
(λ321 − λ411)ω1 + (λ322 − λ412)ω2 =
n∑
γ=5
(λγ2ωγ3 − λγ1ωγ4)
=
2
b
n∑
γ=5
λγ1λ
γ
2ω2 +
1
b
n∑
γ=5
(
(λγ1 )
2 − (λγ2 )2
)
ω1 = 0,
therefore
λ311 + λ
4
21 = 0, λ
3
12 + λ
4
22 = 0, λ
3
21 − λ411 = 0, λ322 − λ412 = 0. (2.36)
On the other hand, we study the second covariant differentials of S. It is not
difficult to check that for all k = 1, 2,
Skl = 2
∑
(hαijlh
α
ijk + h
α
ijh
α
ijkl) = 4
∑
α
(λαkλ
α
l + h
α
12kh
α
12l) + bλ
3
kl + bh
4
12kl,
which is equal to
λ411 + λ
3
21 =
1
2
√
S
(S11 − P ), λ412 + λ322 =
1
2
√
S
S12
λ422 − λ312 =
1
2
√
S
(S22 − P ), λ421 − λ311 =
1
2
√
S
S21.
This together with (2.36) gives (2.16). So we complete the proof of Theorem 2.3. 
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From now on we use the orthonormal frame field established by Theorem 2.3.
We conclude this section with some interesting and elementary formulas which will
be useful in the next section. Firstly, it follows from Theorem 2.3 that b2S¯ = S2/8.
So we can rewrite Proposition 2.1 as follows.
Proposition 2.4. Suppose that M is a closed surface minimally immersed in a
unit sphere Sn with positive Gauss curvature and nowhere flat normal bundle. We
have
1
2
∆S = P − 1
2
S(3S − 4). (2.37)
The Riemannian curvature tensor, the normal curvature tensor and the first
covariant differentials of the normal curvature tensor in (2.10) and (2.11) can be
simplified as
Rijkl =
(
1− S
2
)
(δikδjl − δilδjk), Rijkl,m = −1
2
Sm(δikδjl − δilδjk), (2.38)
R3412 = −1
2
S, R3β12 = R4β12 = Rβγ12 = 0, (2.39)
R3412,k = −1
2
Sk, R3β12,1 = −2bλβ1 , R3β12,2 = −2bλβ2 , (2.40)
Rβγ12,k = 0, R4β12,2 = −2bλβ1 , R4β12,1 = 2bλβ2 (2.41)
for 5 ≤ β, γ ≤ n. The Ricci’s formula in (2.13) becomes
λ311 + λ
3
22 = 0, λ
3
12 − λ321 =
1
4
√
S(3S − 4),
λβ11 + λ
β
22 = 0, λ
β
12 − λβ21 = 0 (2.42)
for 5 ≤ β ≤ n.
3. Main Results
In [3], Calabi considered minimal immersions of compact surfaces without
boundary and with constant Gauss curvature K into Sn. He gave a complete
list of all such immersions and proved that the set of possible values of K is dis-
crete, namely K = K(s) = 2/(s(s + 1)), s ∈ N. This led to the Simon conjecture
as follows (see [15]).
Simon conjecture (intrinsic version): Let M be a compact surface min-
imally immersed into Sn. If K(s + 1) ≤ K ≤ K(s) for an s ∈ N, then either
K = K(s + 1) or K = K(s) and the immersion is one of the Calabi’s standard
minimal immersion.
There is another version of this conjecture for the extrinsic curvature functions
S. For minimal surfaces in Sn, both curvature functions are related as follows:
2K = 2− S, S = 2(s− 1)(s+ 2)
s(s+ 1)
, s ∈ N.
Thus, for Calabi’s standard immersions, we have
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Simon conjecture (extrinsic version): Let M be a compact surface mini-
mally immersed into Sn. If
2(s− 1)(s+ 2)
s(s+ 1)
≤ S ≤ 2s(s+ 3)
(s+ 1)(s+ 2)
, s ∈ N
then either S = 2(s−1)(s+2)
s(s+1) or S =
2s(s+3)
(s+1)(s+2) , and the immersion is one of the
Calabi’s standard minimal immersion.
For a minimal immersion as considered above, K = K(s) = 1 for s = 1 gives
S = 0, and the immersion is an equator in S3(1). K = K(s) = 13 for s = 2 gives
S = 43 and the immersion is a Veronese surface in S
4(1). K = K(s) = 16 for s = 3
gives S = 53 and the immersion is a generalized Veronese surface in S
6(1).
So far, Simon conjecture has been solved in the case s = 1 and s = 2, see
[2,11,12]. Using the frame field established by Theorem 2.3, we give a very simple
proof of Simon conjecture for the minimal surface in Sn with flat or nowhere flat
normal bundle, which is critical for later use.
Theorem 3.1. Let M be a closed minimal surface immersed in Sn with flat or
nowhere flat normal bundle. If 0 ≤ S ≤ 4/3, then S = 0 or S = 4/3.
Proof. If the normal bundle is flat, it follows from Remark 2.2 and 0 ≤ S ≤ 4/3
that
1
2
∆S = P + (2− S)S ≥ (2 − S)S ≥ 0.
By integration, we have S = 0.
If the normal bundle is nowhere flat, the assumption 0 ≤ S ≤ 4/3 implies that
the Gauss curvature of the minimal surface is positive. It follows from (2.37) in
Proposition 2.4 that
1
2
∆S = P − 1
2
S(3S − 4) ≥ −1
2
S(3S − 4) ≥ 0. (3.1)
So we have S(3S − 4) = 0, it follows that S = 4/3. We complete the proof of
Theorem 3.1. 
Theorem 3.2. Let M be a closed minimal surface immersed in Sn with flat or
nowhere flat normal bundle. If 4/3 ≤ S ≤ 5/3, then S = 4/3 or S = 5/3.
Proof. If the normal bundle is flat, from the condition 4/3 ≤ S ≤ 5/3, we have
1
2
∆S = P + (2− S)S ≥ (2 − S)S > 0.
By integration, we get a contradiction.
If the normal bundle is nowhere flat, it follows from 4/3 ≤ S ≤ 5/3 that the
Gauss curvature is positive. So we can use the frame field introduced in Theorem
2.3. From (2.5), we have∑
i,j,k,α
hαijk∆h
α
ijk =
∑
i,j,k,α
(hαijk∆h
α
ij)k −
∑
i,j,α
(∆hαij)
2 +
∑
i,j,k,p,m,α
2hαijkh
α
pjRpikm,m
+
∑
i,j,k,p,m,α
(hαijkh
α
ijpRpmkm + 4h
α
ijkh
α
pjmRpikm)
+
∑
i,j,k,m,α,δ
2hαijkh
δ
ijmRδαkm +
∑
i,j,k,m,α,δ
hαijkh
δ
ijRδαkm,m. (3.2)
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From (2.19), we have∑
i,j,α
(∆hαij)
2 = (2− S)2S + 2(5S − 8)b2S = 1
4
S(3S − 4)2. (3.3)
From (2.38), we have
2
∑
i,j,k,p,m,α
hαijkh
α
pjRpikm,m = −
∑
i,j,k,α
hαijh
α
ijkSk = −
1
2
|∇S|2, (3.4)
and ∑
i,j,k,p,m,α
(4hαijkh
α
pjmRpikm + h
α
ijkh
α
ijpRpmkm) = 5(1−
S
2
)P. (3.5)
From (2.39), we have
2
∑
i,j,k,m,α,δ
hαijkh
δ
ijmRδαkm = 16(λ
3
1λ
4
2 − λ32λ41)R4312 = −
1
2
|∇S|2. (3.6)
From (2.40), we have∑
i,j,k,m,α,δ
hαijkh
δ
ijRδαkm,m = −
1
2
S
∑
i,j,k
n∑
γ=5
(hγijk)
2 − 1
4
|∇S|2,
which together with ∑
i,j,k
(h3ijk)
2 +
∑
i,j,k
(h4ijk)
2 =
1
2S
|∇S|2
forces that ∑
i,j,k,m,α,δ
hαijkh
δ
ijRδαkm,m = −
1
2
SP . (3.7)
Substituting (3.3),(3.4), (3.5), (3.6) and (3.7) into (3.2), we get∑
i,j,k,α
hαijk∆h
α
ijk =
∑
i,j,k,α
(hαijk∆h
α
ij)k +
5
2
∆S − 3
4
∆S2
+
1
2
|∇S|2 − 1
4
S(3S − 4)(9S − 14). (3.8)
On the other hand, It follows from (2.9) and (2.36) that
Q = 8
(
(λ311)
2 + (λ312)
2 + (λ321)
2 + (λ322)
2
)
+4
n∑
β=5
(
(λβ11)
2 + (λβ12)
2 + (λβ21)
2 + (λβ22)
2
)
.
It is easy to check that the relative minimal value Q with the constraint (2.42) is
1
4S(3S − 4)2, which together with (3.8) forces that
1
2
∆P =
∑
i,j,k,α
hαijk∆h
α
ijk +
∑
i,j,k,l,α
(hαijkl)
2
≥
∑
i,j,k,α
(hαijk∆h
α
ij)k +
5
2
∆S − 3
4
∆S2 − 1
2
S(3S − 4)(3S − 5). (3.9)
Taking integration over M on both sides of (3.9) and using the Stokes formula, we
have
0 ≥ −
∫
M
1
2
S(3S − 4)(3S − 5).
It follows that S = 4/3 or S = 5/3 if 4/3 ≤ S ≤ 5/3. We complete the proof of
Theorem 3.2. 
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Now an important result can be obtained instantly as follows.
Theorem 3.3. Let M be a closed minimal surface immersed in Sn with positive
Gauss curvature K and flat or nowhere flat normal bundle. Then K + KN = 1,
i.e. M is a minimal Wintgen ideal surface.
Proof. If the normal bundle is flat, since the Gauss curvature of M is positive, we
have S < 2. It follows from Remark 2.2 that
1
2
∆S = P + (2− S)S ≥ (2 − S)S ≥ 0.
It follows that S = 0 and K = 1, so the Gauss curvature K and the normal
curvature KN satisfy K +KN = 1.
If the normal bundle is nowhere flat, it follows from formula (2.39) that the
normal curvature KN = S/2 = 1 −K, so K +KN = 1. This completes the proof
of Theorem 3.3. 
Remark 3.4. In submanifolds theory, the famous DDVV inequality is related to
the scalar curvature, normal scalar curvature and mean curvature, which is proved
by Ge-Tang [7] and Lu [13], independently. Submanifolds are called Wintgen ideal
when the equality in the DDVV inequality holds true exactly. By the equality
characterization of the DDVV inequality proved by Ge and Tang [7], the shape
operators in Theorem 2.3 could attain the equality of DDVV inequality. In this
way, Theorem 3.3 can be also deduced.
Remark 3.5. There are also some important properties concerning the sum of the
Gauss curvature and normal curvature for closed surfaces immersed in space forms
(see [14]).
As we know very well, there are lots of results concerning the pinching of the
second fundamental form in a unit sphere Sn. But there are little results concerning
the pinching of the normal curvature. In the following part, we will provide some
new results of closed surfaces immersed in arbitrary dimensional unit sphere Sn
depending on a pinching of the intrinsic and normal curvature.
Theorem 3.6. Let M be a closed surface minimally immersed in Sn with flat or
nowhere flat normal bundle satisfying KN ≤ 2K.
(1) If KN = 0, then either
(a) S = 0 and the surface is the geodesic sphere, or
(b) S = 2 and the surface is the Clifford torus.
(2) If KN 6= 0, then KN = 2K and the surface is the Veronese surface in S4.
Proof. If the normal bundle is flat, we have KN = 0 and the Gauss curvature K is
nonnegative. It follows from Remark 2.2 that
1
2
∆S = P + (2− S)S ≥ (2 − S)S ≥ 0.
So either S = 0 and the surface is a geodesic sphere, or S = 2 and the surface is
the Clifford torus.
If the normal bundle is nowhere flat, we have that the Gauss curvature K is
positive from KN ≤ 2K. It follows from K + KN = 1 in Theorem 3.3 that the
assumption KN ≤ 2K is equivalent to S ≤ 4/3. By Theorem 3.1 we get S = 4/3
and M is the Veronese surface in S4. 
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Remark 3.7. Theorem 3.6 generalizes Theorem 1.1 obtained by Baker and Nguyen
[1] to arbitrary codimension for the surface with flat normal bundle or nowhere flat
normal bundle.
Theorem 3.8. Let M be a closed surface minimally immersed in Sn with positive
Gauss curvature satisfying 2K ≤ KN ≤ 5K, then either
(1) KN = 2K and it is the Veronese surface in S4, or
(2) KN = 5K and it is the generalized Veronese surface in S6.
Proof. It follows from 2K ≤ KN ≤ 5K and the Gauss curvature K is positive
that the normal curvature is positive everywhere. It follows from K +KN = 1 in
Theorem 3.3 that 2K ≤ KN ≤ 5K is equivalent to 4/3 ≤ S ≤ 5/3. By Theorem
3.2 we get S = 4/3 and M is the Veronese surface in S4, or S = 5/3 and M is the
generalized Veronese surface in S6. 
Next we will give some new results concerning the normal curvature.
Theorem 3.9. Let M be a closed minimal surface immersed in Sn with positive
Gauss curvature and flat or nowhere flat normal bundle. If 0 ≤ KN ≤ 2/3, then
either
(1) KN = 0 and it is a geodesic sphere, or
(2) KN = 2/3 and it is the Veronese surface in S4.
Proof. Since the Gauss curvature K is positive and the normal bundle is flat or
nowhere flat, it follows from Theorem 3.3 that K + KN = 1. So 0 ≤ KN ≤ 2/3
is equivalent to 0 ≤ S ≤ 4/3. By Theorem 3.1 we get S = 0 and M is a geodesic
sphere, or S = 4/3 and M is the Veronese surface in S4. 
Theorem 3.10. Let M be a closed minimal surface immersed in Sn with positive
Gauss curvature. If 2/3 ≤ KN ≤ 5/6, then
(1) KN = 2/3 and M is the Veronese surface in S4; or
(2) KN = 5/6 and M is a generalized Veronese surface in S6.
Proof. We observe that the condition 2/3 ≤ KN ≤ 5/6 implies that the normal
bundle is nowhere flat. It follows from Theorem 3.3 that K + KN = 1. So 0 ≤
KN ≤ 2/3 is equivalent to 4/3 ≤ S ≤ 5/3. By Theorem 3.1 we get S = 4/3 and
M is the Veronese surface in S4, or S = 5/3 and M is the generalized Veronese
surface in S6. 
We conclude this paper with the following theorem.
Theorem 3.11. Let M be a closed minimal surface immersed in Sn with positive
Gauss curvature. If KN is non-zero constant everywhere on M , then K is constant
and the immersion is one of the generalized Veronese surfaces.
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